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I. FERMI-ENERGY CONTINUED

Picking up at Calculating the Fermi energy.
We equate the number of states up to the fermi energy with the number of particles in the system.

n =

EF∫
0

dερ(ε) (1)

This should be considered as the definition of the fermi energy. Literally, we take the convolution of the density of
states, and the fermi-dirac distribution, and integrate until we managed to fit all the particles in the system into a
quantum state.

In the case of a spherically-symmetric dispersion, we can write the k-integral very simply:

n = (2s+ 1)

kF∫
0

ddk

(2π)d
= (2s+ 1)Ωd

1

(2π)d
kdF
d

= (2s+ 1)
K

(2π)d
(2)

where K is the volume inside the Fermi-sphere.
As a quick example let’s do this in 2d. It is fun to do this in k-space:

n =
(2s+ 1)

4π
k2F (3)

We can of-course write this in terms of energy:

=
(2s+ 1)

4π

2mEF

h̄2
(4)

This defines the fermi energy, but the cool thing lies in the k-space determination: upto a factor of π and the
spin-related degeneracy, the fermi wave number, kF , is just the inverse interparticle distance. In a metal, usually
there is just one particle per atom. The distance between atoms is of the order of 5Å. What is the Fermi energy?

Let’s answer this question in 3d (although it doesn’t matter so much)

n = 2

∫
d3k

(2π)3
=

1

(2π)3
4π

3
k3F · 2 ≈

1

π3
k3F (5)

and using the famous near-law of the state of Indiana: π = 3.Actually, it was π = 3.2, and the bill almost got through
in the year of 1897. It passed a first reading, but not a second one. The final result is then:

kF = π
1

a
=

π

5 · 10−10m
(6)

and energy:

EF =
h̄2π2

2 · 10−30kg(5 · 10−10m)2
≈ 2 · 10−19J = 1.25eV = 1.5 · 104K. (7)

Indeed the fermi energy of most metals is very high, and is of the order of between 104 and 105 K. A more amazing
number is the fermi velocity:

vF =
h̄kF
m

=
πh̄

ma
≈ 106m/s (8)

Damn fast for something that is actually at zero temeprature!
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FIG. 1. A magnetic field splits the Fermi surfaces of the two spins, and there are more spins pointing along the field than
against it.The electrons on the outer annulus give rise to a net spin polarization and magnetization.

II. PHYSICAL PROPERTIES OF A DEGENERATE ELECTRON GAS

Last lecture we derived the Fermi-Dirac distribution and just barely started calculating with it. Today we will
derive the main physical properties of an electron gas at low temperature. We will calculate the zero-temeprature
magnetic susceptibility, and also the heat capacity at low temperatures. The thing that we will see over and over
again, is that the properties of the electron gas are completely determined by what’s going on near the fermi surface.
Everything else is frozen out. This makes the physics of electrons quite intuitive - please keep your eyes peeled, and
see how this occurs.

A. Pauli Susceptibility of an electron gas

Another important property of the zero-temperature electron gasses is the Pauli-spin-Susceptibility. When we turn
on a magnetic field, the spin Hamiltonian gets out of deep freeze, and we need to put a term for it in the hamiltonian:

Ĥspin = −gµB ~H · ~̂σ = −gµBHσz (9)

choosing the spin-quantization access along the magnetic field. Now, spin up has less energy then spin down. The
chemical potential of the electron gas is still the same for the two spins, but this implies that the fermi energy - which
here we distinguish from the chemical potential by saying that it is the kinetic energy upto which electron states are
filled - is not the same for the two electron flavors.

For down electrons, the total energy is:

E↓ = ε~k +HgµB (10)

while

E↑ = ε~k −HgµB (11)

Since the energy shift for up is minus that of down, some electrons from the high-energy down spins, would flip to
point in the direction of the magnetic field. This will happen until we have

EF↑ −HgµB = EF↓ +HgµB (12)
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So, as you can see from Fig. ??, we have an excess of upspins, and we can easily calculate how many:

n↑ − n↓ =

µ+HgµB∫
µ−HgµB

ρ(E)dE = 2ρ(EF )HgµB (13)

Where ρ(E) here is the single-spin DOS. The excess spin magnetization is then:

gµB(n↑ − n↓) = 2ρ(EF )H(gµB)2 (14)

So the susceptibility is:

χPauli = 2ρ(EF )(gµB)2 (15)

It is a direct measure of the density of states at the Fermi surface. Free electron spins tend to point in the direction
of the field, but don’t actually have magnetization in zero field. Hence this is called paramagnetism.

Now, in addition to this effect there is also going to be an orbital effect on the general magnetization, and the
question rises - how do we measure the Pauli susceptibility alone? This is done using the Knight shift - The energy
level of nuclear spins are coupled to the electronic spins through the contact term of the hyper-fine hamiltonian of an
atom. This coupling is much stronger than the coupling of nuclei to a raw magnetic field (since their Bohr magneton
is three orders of magnitude smaller than that of the electron’s). Using NMR one can get very accurate readings of
nuclear energy levels, and there one see’s precisely this quantity.

1 E. M. Purcell, R. V. Pound, Phys. Rev. 81, 279 (1951).


